INVARIANTS OF THE LINEAR GROUP MODULO p**

BY

M. M. FELDSTEIN

INTRODUCTION

Professor L. E. Dickson in his paper A fundamental system of invariants
of the general modular linear group with a solution of the form problemt gave
a fundamental system of invariants for the group of all linear homogeneous
transformations in % variables with coefficients in the Galois field of order p*,
denoted by GF[p"].

Dr. J. S. Turner extended the results for the binary group in GF[p] to the
binary group H with coefficients ranging over integers modulo »* and the
determinant of transformation congruent to unity modulo p2.

This thesis deals with the invariants of the linear homogeneous group in n
variables with the coefficients ranging over integers modulo p*, and the deter-
minant of transformation congruent to unity modulo p.

The writer avails himself of this occasion to express his gratitude to
Professor Dickson for the conduct of this research and for suggesting both
the problem and the group-theoretic principles applied in the following pages.

1. PRELIMINARY

We shall consider linear homogeneous transformations (7') in indeterminates
X1, X3, .+, Zn With integral coefficients and having determinant of trans-
formation = 1 (mod p).

The above transformations will be applied to forms in x;, x, ..., x, With
integral coefficients.

Two forms F; and F; will be considered identically congruent modulo p* if
and only if

Fi(xy,xs oo, ) = Fo(2, 23, «.., &n) + ¥ Fa(@y, 5, ..., Tn)

* Presented to the Society, April 13, 1923.
+ These Transactions, vol. 12 (1911), pp. 75-98. Professor E. H. Moore constructed the
invariant called L in the sequel.
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algebraically, where Fy is a form. The identity will be denoted by
Fl(xlyxm R xn) = F2(xlrx27 sy Tn) (mOdpk)'

A formal invariant F'(x;, o3, ..., x») is a form which under all trans-
formations

T:xi = anxi+ apxi+ - + aman (i=1, ..., n)
gives
F(xy,zsy ... ) = F(xi, 23, ..., 2n) (mod p*),

after the new variables x; are replaced by their values in terms of the old
variables obtained by solving the above n equations.

Two substitutions whose corresponding coefficients are congruent modulo p*
replace any form by two forms which are identically congruent, and which
therefore play equivalent roles in the theory of modular invariants. Accord-
ingly, we shall say that two such substitutions belong to the same class.

In the sequel, for purposes of enumeration, we shall frequently represent
a class by a “residual matrix” whose elements are least positive residues
modulo p*.

The classes of transformations can be put into one-to-one correspondence
with the system of residual matrices, since to the compound of two classes
corresponds the compound modulo p* of the respective residual matrices.

The classes of substitutions 7’ form a finite group; therefore the system of
residual matrices forms a finite group of the same order under composition
modulo p*.

2. GROUP-THEORETIC INTRODUCTION

Let G (n, p*) be the total linear homogeneous group in » indeterminates
with coefficients modulo p*. Then the system of residual matrices may be
represented by

lag+aPp+aPpt+ - +alfDpht| (ij=1,..., n)

where the determinant of ||aj|| is=1 (mod p) and the elements ey, ay ..., el
range independently over the integers 0,1,2, ..., p—1.

There are* d = (p"—1) (p"—p) --- (p"—p"") (P"—p"1)/(p —1)
(p—1) sets of solutions of the determinantal congruence |a;| =1 (mod p),

* L. K. Dickson, Linear Groups, p. 82.
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and with every set we can associate P = p™*~ sets «, &, ..., offD,
Therefore the order of the group G (=, p*) is dP.

In the sequel we shall consider two ways of decomposing @ (=, p*) into
a factor-group.

(1) Dividing every element in the matrices of the residual system by p, we
obtain them in the form

||bu+ﬂyPH (27.7 =1,..., n)) Ibijl =1 (mOdp),

where b;; ranges over the integers 0,1, 2, ..., p—1, and 8; ranges over the
integers 0,1,2, ..., p*1—1.
The set of matrices || b;|| we shall denote by

HIE(hl,hg, ey hm, ceey hd).

The invariant subgroup of matrices ||8;p||, with 1 added to the elements
of the diagonal, we shall denote by

AIE(al,ag,...,am,-..,aP).
The group G (n, p*) may be decomposed into a factor-group of order d:
Alhl,Alhg, vy Alhm, ey Alhd.

The decomposition is exhaustive since no matrix of the subgroup 4, is present
in H;, with the exception of the unit matrix, and the order of the subgroup 4,
multiplied by the number of matrices in H, gives the order of the group G'(n, p*).

(2) Dividing every element in the matrices of the residual system by p*—1,
we obtain them in the form

||C,~j+r,-jpk"l|| (5,j=1, ..., n), lcij‘ =1 (modp),

where ¢; ranges over the integers 0,1,2, ..., p*¥'—1, and 7,; ranges over
the integers 0,1,2, ..., p—1.
The set of matrices || ¢;j|| we shall denote by

Hiy= (M, b2y ooy by ooy By), x = dp™-?,

16%
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The invariant abelian subgroup of matrices, || 7;p*~||, with 1 added to the
elements of the diagonal, we shall denote by
A1 = (a1, a3, .oy Umy ooy Qgm).
The group G (n, p*) may be decomposed into the factor-group

Ap—1hi, Ax—1hs, ..., Ak-1lm, ..., Ax— h;, % = dp"'(k_z),

the exhaustiveness of the decomposition being proved as in (1), mutatis
mutandis.

3. THE INVARIANTS OF THE GROUP G (m, p?)

In this case the groups 4, and Ax-;, and the sets H, and Hy—; coincide.

A comparison of the set H with the matrices of the group G (=, p) shows that
H has representatives of all the classes comprised by G'(n, p). Therefore the
invariants of G (%, p?) may be put into the form

(1) F(xh Zgy v oy xn)'*'pFl(xl’xzv seey xn)’

where F(xy, xs, ..., xn) is an invariant of G (n,p) and Fy (2, x5, ..., Zn)
is some form.

As a preliminary step we shall inquire as to the conditions under which
expressions of the type (1) are invariant under the sets of the factor-group

A.hl, Ahg, vy Ahm, ceey Ahd.

Evidently (1) has to be invariant under the subgroup 4.
Consider a general substitution of the subgroup 4,

X = xi+p(ai1w1+ai2$2+ <o @iny) (i= 1, ..., n).

On applying it to (1) we observe that p F} (xy, «s, . . . , 2») remains invariant
under the transformation, because of the factor p. Therefore F'(xy, s, ..., x4)
should be invariant under the subgroup 4.
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Applying the substitution to F' by means of Taylor’s expansion, we obtain

F(xi, 23, ..., zn) = F(xy, 3, ..., Xn)

> oF
+P2(“i1 1+ @past -+ inn) B
=1 7
= 0 (modp?).

(@ (n, 2%) is treated in Section 5.) This shows that F' will be an invariant if
the following congruence holds:

S oF _
i;(aaah-l- g+ - 4 @) P 0 (modp).

By taking @; = 1 and the remaining e; = 0, we get

=0 (modp) (=1, ..., n),

whence we obtain the differential congruences, giving the necessary and
sufficient conditions for invariance under A4:

oF or o F
8.2:1 axg axn

@)

il
(=4

(mod p).

Before proceeding with the application of conditions (2), we shall have need
of more detailed information* as to the structure of the invariants of G (n, p).
If we define

€1 1
o ST 4
€3 s
g
[917e87 ceey ) =
En

* L. E. Dickson, A fundamental system of invariants, these Transactions, vol.12 (1911),
p. 76.
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then a fundamental system of invariants of G'(n, p) is given by the following set:

Ln_—_[n_l’n_27 ety 1’0]’
Qus = [n,n—1, ..., 8+Li’s——l, -0, 1,0] (s=1,..., n—1).

These invariants in terms of the invariants of G(n—1,p) and L, may be
written

Lo \"7' ooop
in - Qn—ll ( Ln—l) 'I" Ln—]. y

2, ..., n—2),

5 & () e "

L, \'7!
an—l - (Ln—l) + Qﬁ—m—z,

n—2

Ly = an L8 1+ Ln_s s;: (— 12 Quorat (—1)" a8 Ly,

LEMMA. No syzygy subsists among the invarianls of G(2,p), either
algebraically or in the sense of a congruence.

Assume the contrary, and arrange the polynomial in L, and Q; according to
descending powers of Q; then we have

a QL+ L+ - +wmQrLy=0.

Here ¢, Qi Li contains the highest power of x;, for Qs contains a power of z,
as a term, whereas L; contains only terms of the form 2?a2. Therefore either

the coefficients ¢, = cs = - .- = cm =0, if we speak of an algebraic syzygy,
ore =c = --- = cm = 0 (modp*), if we speak of it in the sense of a con-
gruence.

THEOREM 1.*  The invariants of G(n,p) are not connected by a syzygy
modulo p.

Let the syzygy connocting the invariants be arranged according to powers
Of Ln:

n—1

@) 2 Jler=0, a0 (modp*).
m L) 8§=1

* Compare loc. cit., p. 83.
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If m, is the lowest power of L, in the above polynomial, we divide (4)
by L»n° and obtain a sum of products not containing L, as a factor:

n—1
() qZ can | | @5t for m = m,.
m s=1

All those terms which have L, as a factor contain x,, but (5) contains terms
free of 2, whose sum therefore must be congruent to zero modulo p*.

A reference to the preceding page shows that we obtain these terms by
performing the substitution

Qu Que ... Qus v @ua—
(8) S = ’
3 _
L Qhn oo Qo1+ Qcins

where distinct elements are replaced by distinct elements.
We obtain, therefore,

n—1

M e LZ P ] @ =0 (modp¥) for m = m.
9m

—1§—
s=s " s—1

Since the products under the summation are formally distinct, (7) is a syzygy
among the invariants of @{(n — 1, p); this completes the induction, since by
the lemma there is no syzygy connecting the invariants of G (2, p).

THEOREM II. Any jform written as a polynomial in Lp and Qus
(s =1, 2, ..., n—1), satisfying the differential congruences (3), and
not containing coefficients congruent to zero modulo p, involves Ly and Qns to
powers whose exponents are multiples of p.

Let

n—1
®) Fla,zs, ..., 2a) =2 Ly ?;%,.H Q:;""; Cgn =0 (modp).
m m s=1

We shall first prove that m = 0 (modp). By Euler’s formula, we have

oF oF
3xs+.‘. +x”mEdF(wl,x3, ceey il:n) (mOdp),

oF
41 ?:c_l + a3
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where d is the degree of the form F. Now since the left member is congruent
to zero modulo p by (3), d must be divisible by p.
But

n—1

d=m@p* 1+ ... —I—p+1)+s§1a.qn (pr—p°) =0 (modp),

n—1

and smceZ asq,, (p" — p*) = 0(modp), m is divisible by p, whence aII; =0
n
(modp). '.l‘hus shall
8F __ 8F 8L, , '§' 0F 9Qus
. oF __ . . .
By the preceding, i = 0 (modp), therefore it remains to consider
n

n—1
9) OF 90w =0 (mod p).

s=1 0Qns 0

Arranging it according to powers of L,, we obtain

n—1

aF == My, —— m —_
3 2n :; chlmax” sI—_-IlQ = (;Lan)CzO (modp),
where, for brevity,
n—2 n—1
Bm g qch“ (€=21 aiann—liQ,u I_IQ”':‘ + an‘ lq”‘ n.;:;. HQ "ﬂ)
" a:t:t
(2]
C — Ln-—l
= P) Zn 9

as follows by the use of (3).
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Since by computation C F 0 (mod p), ZL? By, must be zero modulo p.
m

Dividing it by the lowest power of L, occurring there, i.e., with exponent
m = my, We obtain a sum of products not containing L, as a factor, i.e., Bp,.

2 LY Bn

Mo
n

tains x, as a factor, therefore the only terms free of «, are obtainable from Biy,,
and their sum should be congruent to zero modulo p.
We obtain this sum by performing substitution § (formula (6)) on By,:

By, is the only part of free of the factor L,. Now L, itself con-

n—2 n—1

z’(a,, (P’ p)a.,
ch.(za%on-u oo |
O i=1

s:i:z

(c -1) ( ) i
D! an—lq » P alﬂ H
+ n-14,, @ _1p—3 e

i
<

(m = my) (mod p).

Examining the products under the inner summation, we observe that they
are distinct. In the :th product all the factors have as exponents multiples
of p with the exception of Q—1; which occurs raised to the (pas,, -+ 1)th
power. The last product is the only product for a given g, having all exponents
of the factors multiples of p.

We thus see that the products arising from the differentiation of a certain
n—1

C,, H Q:;""(m = my) in (8) are all distinct.
s=1

Two distinct products, as

n—1

Ca, H Q.7 and cqu Qwem (m = my),

could not give identical products on differentiation. An examination of the
exponents would indicate that both were differentiated with respect to the
same Q,s, from the argument above. A substitution inverse to S (formula (6))
would lead to the same derivatives, and then we should arrive at the same
primitives. The process is uniquely reversible.
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All the products in the above are distinct and have as factors invariants
of G(n—1,p). But since no syzygy exists by the preceding theorem, the
exponents appearing as coefficients as, (m = mo; s=1, ..., n—1; for
all ¢,,), are separately congruent to zero modulo p.

We can therefore divide by the next highest power of L,, say Ly", and
repeat the argument verbatim.

Therefore the as,, are multiples of p for all s and gm.

We thus see that F(z;, s, ..., #,) must be a polynomial in L and Q%
(s=1, ..., m—1) in order to be invariant under A. But this is also a
sufficient condition for invariance under G (n,p?). Taking for example L}
and applying to it any substitutions of G(n, p?), we get

LE(ahy @by « ooy @) = (Ln(2e, 23, < ooy @) F0f (20, 225 ooy @)
= Lh (1, @3, + vy Xn) (modp?),
where f(x,, s, ..., x) is some form.

Since F(x1, @3, ..., x) is an invariant of G (n, p*), pFi(x1, s, . . ., Ta)
must also be invariant under the group. However, operation upon a form pf
with G(n, p*) is equivalent to operation upon f with G (n,p), therefore
F, (%, ®s, ..., T,) must be a polynomial in L, and Qus(s =1, ..., n—1).

We thus arrive at a fundamental system of invariants of the group
G (n, p*), viz.,

n—1

Ly, Qb (s=1,...,n—1), pL'f,I_I QZ‘S,
s=1
where @ and bs may assume values from O to p — 1, but may not all be zero.

4, INVARIANTS OF THE GROUP G(n, p*)

A comparison of the matrices of the set Hy— with those of the group
G (n,p*Y), shows that Hy—1 has representatives of all the classes contained in
G (n,p*1). Therefore the invariants of G (n, p*) may be put into form

(1) P(wlyxm ey xn)'l'.pk_lf(xl; Xgy ooey Zn)
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where P(xy, 3, . .., z») is an invariant of G(n, p*~1) and f(x;, s, . . ., )
is some form.

We shall next investigate the form of expressions (1) which remain invariant
under the sets of the factor-group

Alhl,Alkg, ceey Alhm, vy Alhd,

d having the value indicated in Section 2.

Evidently they have to be invariant under the transformations of the
invariant subgroup 4,.

A general substitution T, of 4, may be written

xi=xi+p(eyx +aigxs+ -+ + otinxn) (i=1, ..., n).

We have to apply the substitution only to P(x, x, ..., xa), since
P f(21, xs, ..., xy) is invariant under the subgroup 4,.

Since P(xy, x3, ..., @») is an invariant of G(n, p*~1), we shall assume,
for purposes of induction, that it may be written in the form

2) P(zy, x5, ..., xn) = Fo+pF+p*Fo+ --- +1)k_2Fk-2

where

§—3 —j—3 s=1,...,n—1
P ,L”' ( )

(3) Fj is a polynomial in Q G=0 ... k—29)

not involving coefficients congruent to zero modulo p.
From (3) it is clear that

0F; __ 0F; 0Ly, | N7 0F; 0Qns s
® dx; — OLn 0 +,§1 0Qns 0x (mod p )

G=0,..., k—2).

Also it is obvious that for the case of polynomials with integral exponents

o F;
ox;

0" F

-
o]

[l
(=]

(mod p*—-2).,

0 (mod p*——2) implies
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The application of T, to P(xy, xs, ..., xa) gives by Taylor’s expansion

(5) P(xi’ .’l)é, ey x;l) = P(xlyxh ey wn)

1 m  k—2 ) n BE
+_y 2 ZP”’ 2(“i1x1+ai2xs+"’+“inxn) y

r! /=1 /=0 =1 0;

r having the usual symbolical significance as a power, and m being the highest
degree in any one variable of the polynomial of the highest order.

Since Fj(j =0, ..., k— 2) are polynomials, the coefficients of the ex-
pansions are integers.

Now by (4), si = = 0 (mod p*—~—2), we see that

ox

1 m k—2 ) n oF: r
T 2 2010”'(.21(%'1 Xyt oig g+ -0+ tin Ta) ax:) = 0(mod p*)
=2 j= 1=

for all odd primes. The case p = 2 will be considered separately.
From (5) and (6) it follows that P (x,, x5, ...., x,) will be an invariant
of subgroup 4, if

2 ZPJH(“u @yt g xe - - - i xn) - BE

Jj=0i= ox;

0 (mod p*).

IIII

By taking «; = 1 and the remaining e;; = 0, we obtain the equivalent set
of n differential congruences

g F;

) pr““ —L = 0 (medp*) =1, ..., n).
j=o0 ox;

We shall obtain now additional information about P (x,, xs, ..., x,) from

the consideration of its homogeneity in x;, x5, ..., Zs.

If the power of L, and Qus in any one term of Fj be a; p*—~—2 and bjs p*—J—2,
by recalling that the degree of L, is (p" '+ ... +p -+ 1) and that of Qs is
(p™ — p*®), we obtain the following set of equations:
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n—1
QP (' 1) + Db (50— )

n—1
= aptE it -l-p—i-l)-i-f:.:1 bis p*~° (p" —p°)

n—1
= ax—2(p" '+ - +p+1) +S_Z; bi—25 (" —p*),
from which it follows that
=0 =...= 2= 0 (mod p).

LEMMA 1. In this way we see that Ly occurs in F; (j =1, ..., k—2)
raised to powers which are multiples of p*——1, and therefore

k=2 11 OF oF;
21” aL”

Jj=

III{
(=]

(mod p*).

This considerably simplifies the differential congruences (7), which we
shall write as follows:

aFo aL +" 2”2'12)}“_31_@_ 9 Qns

oL J=0 s=1 0Qus 0x;

8 p =0 (modp*) (:=1,...,n).

Multiplying the sth congruence by x;, adding, and applying Euler’s formula
for homogeneous functions, we obtain from (8)

aFo
6Ln

Hll
o

(mod p*),

since the degree of Qs is divisible by p.
LEMMA 2. By the proof of Theorem 1, this shows that Ly occurs in Fy raised
to powers which are multiples of p*—1.
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From the preceding result, we obtain (8) in the following simplified form:

. k=2l am 9 Qe
(9) 2 2ptt—=L T = (modpk)  (i=1, ..., n)
Jj=0 s=1 0Qns 0x;

We shall confine our attention to the nth congruence and prove that
Qus(s=1, ..., n— 1) must appear in F; with an exponent which is con-
gruent to zero modulo p*——1,

The proof of Theorem II from the point where the differential congruence
is simplified to the form (9) allows us to state the following theorem without

roof:
P k—2

THEOREM III. The polynomial 2 F;, defined by (3), Section 4, satisfying
J=0

the congruence

— =0 d
involves Qus (s =1, ..., m— 1) raised to powers which are multiples of p.
71—
But this will give 2 Pt 8313’2 = 0 (modp*), and enable us to restate
ns

Theorem ITI in the £ollow1ng way:
—8
The polynomial ZE, defined by (3), Section 4, satisfying the congruence
=0

ke 0F;, 9Qns
.I‘Ll ——J ns = 0
; §1 0 Qns 0xn (mOdpk)
involves Qus (s =1, ..., n—1) raised to powers which are multiples of p*.
This theorem in its turn will yield the result
n—
21)""2 0Fis — (mod p*).

= 0 Qns

Proceeding in this way we arrive at the result that F;involves Qs (s =1,
... m—1) raised to powers which are congruent to zero modulo p*——1,
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Collecting results, we obtain from Lemmas 1,2, Theorem III and sequel,

that F} is a polynomial in 277 and Q%
Conversely, exactly as at the conclusion of Section 3, we can prove that

PIE T andy @ (s=1, —1),forj =0, ..., k—1, are in-
variants of the group G(n, p")

Thus a fundamental system of invariants of group G (=, p¥) is given by the
following set:

n—1
k—1 k—1 —j— rA—f—1 .
I, e s=1,...,n—1), y L Q% G=1,....,k—1),
§=1
where @ and b, range over 0,1, ..., p—1, but may not all be zero.

5. INVARIANTS OF THE GROUP G(n, 2%)

In this case, which was not considered in Section 4, but was alluded to in
connection with congruence (6), the condition for invariance under the sub-
group A, takes the form

k—2

22J+ 2(“11581‘{‘ @22+ - +“mwn)

Jj=

+ Z2J+1[2(auw1+ @isxa+ - oo A omay) aE] =0 (m0d2k)'

By taking @; = 1 and the remaining «; = 0, the above simplifies into »
congruences,

LSS R~ TP )
W ZeMIiy Fotegg =0 meazd) (=1, m),
J= ) Jj=

by dividing each congruence by ;.

If we employ the following sets of values for e, errr; = 1 and the
remaining «; = O (the subscripts being taken modulo »), we obtain, by
dividing through respectively by s, s, ..., 2, x;, the n congruences

1 2p.
@) 22J‘Z§+Zg2ﬁ‘- 3ﬁ§0mod2k) =1, ..., n),
Jj=0 i =

1

where the subseript of x;1; in the second- term is taken modulo «.



238 M. M. FELDSTEIN

By subtracting the ith congruence of (2) from the ith congruence of (1), we
obtain the n relations

k—2 agF‘
(i — rizq) 220 =L =0 (mod2¥) (=1, ....n)
j=e 0xf

Since x; — xi+1 F 0 (mod 2¥), we must have

k—2

(3) 22 _8“@ = 0 (mod 2¥) (i=1, ..., n).
= 0

The congruential identities (3) when substituted in (1) give

k—2 .
Sontl—omaar) (=1, .

i. e., exactly the results (7) Section 4 for modulus 2*.
Therefore all the conclusions arrived at in Section 4 for powers of odd prime
moduli hold for 2.
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